Exact form factors for the scaling Z{N}-Ising and the affine A{N-1}-Toda
  quantum field theories by Babujian, H. & Karowski, M.
ar
X
iv
:h
ep
-th
/0
30
90
18
v3
  1
1 
Se
p 
20
03
Exact form factors for the scaling ZN -Ising
and the affine AN−1-Toda quantum field theories
H. Babujian ∗† and M. Karowski ‡
Institut fu¨r Theoretische Physik
Freie Universita¨t Berlin,
Arnimallee 14, 14195 Berlin, Germany
October 29, 2018
Abstract
Previous results on form factors for the scaling Ising and the sinh-
Gordon models are extended to general ZN -Ising and affine AN−1-Toda
quantum field theories. In particular result for order, disorder parameters
and para-fermi fields σQ(x), µQ˜(x) and ψQ(x) are presented for the ZN -
model. For the AN−1-Toda model form factors for exponentials of the
Toda fields are proposed. The quantum field equation of motion is proved
and the mass and wave function renormalization are calculated exactly.
PACS: 11.10.-z; 11.10.Kk; 11.55.Ds
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In the framework of the bootstrap program the quantum field theories are
defined by the S-matrices. However, we may motivate the models as follows:
The Z(N)-Ising quantum field theory in 1+1 dimensions is considered as the
scaling limit of a classical statistical lattice model in 2-dimensions given by the
partition function
Z =
∑
{σ}
exp

− 1
kT
∑
〈ij〉
E(σi, σj)

 ; σi ∈ {1, ω, . . . , ωN−1} , ω = e2πi/N
as a generalization of the Ising model. It was conjectured by Ko¨berle and
Swieca [1] that there exists a Z(N)-invariant interaction E(σi, σj) such that
the resulting quantum field theory is integrable. This model has also been
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discussed as a deformation [2, 3] of a conformal ZN para-fermi field theory [4].
The classical AN−1-Toda model is defined by the Lagrangian
L = 1
2
(∂µ~ϕ)
2
+
α
β2
N−1∑
j=0
exp (β~αj ~ϕ)
where ~ϕ =
(
ϕ1, . . . , ϕN−1
)
are real fields, ~αj (|~αj | =
√
2) are the simple positive
AN−1-roots and ~α0 = −
∑N−1
j=1 ~αj . The field equations are
~αj ~ϕ+
α
β
(
2eβ~αj ~ϕ − eβ~αj+1~ϕ − eβ~αj−1~ϕ) = 0 . (1)
The ZN -Ising model in the scaling limit and the affine AN−1-Toda model
posses the same particle content. There are N − 1 types of particles: a =
1, . . . , N − 1 of charge a, mass ma = M sinπ aN and a¯ = N − a is the an-
tiparticle of a. In particular for N = 2 the scaling Z2-Ising model is the well
investigated model [5, 6] which is equivalent to a massive free Dirac field theory.
The affine A1-Toda model is the sinh-Gordon model which is equivalent to the
lowest breather sector of the sine-Gordon model for imaginary couplings. The
n-particle S-matrices factorize in terms of two-particle ones since the models are
integrable. The two-particle S-matrix for the ZN -Ising model has been proposed
by Ko¨berle and Swieca [1]. The scattering of two particles of type 1 is
SZ(θ) =
sinh 12 (θ +
2πi
N )
sinh 12 (θ − 2πiN )
. (2)
The two-particle S-matrix for the AN−1-Toda model has been proposed by Arin-
shtein, Fateev and Zamolodchikov [7] (see also [8]). The scattering of two par-
ticles of type 1 is
ST (θ) = SZ(θ)
sinh 12 (θ − πiNB)
sinh 12 (θ +
πi
NB)
sinh 12 (θ − πiN (2−B))
sinh 12 (θ +
πi
N (2−B))
, B =
2β2
4π + β2
. (3)
Both S-matrices are consistent with the picture that the bound state of N−1
particles of type 1 is the anti-particle of 1. This will be essential also for the
construction of form factors below.
The form factor bootstrap program has been applied in [6] to the Z2-model.
Form factors for the Z3-model were investigated by one of the present authors
in [9]. There the form factors of the order parameter σ1 were proposed up
to four particles. Kirilov and Smirnov [10] proposed all form factors of the
Z3-model in terms of determinants. For general N form factors for chargeless
states (n particles of type 1 and n particles of type N−1) were calculated in [11].
Low particle number form factors of AN−1-Toda models
1 where investigated by
Destri and De Vega [12], Oota [13] and Lukyanov [14]. In the present letter we
1For other Toda models see [26, 27] and for sinh-Gordon also [28, 29].
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present integral representations for all matrix elements of field operators for the
ZN -Ising and the AN−1-Toda models.
For the ZN -model we consider the fields ψQQ˜(x) , (Q, Q˜ = 0, . . . , N−1) with
charge Q, spin QQ˜/N and statistics factor2 (with respect to the particle a = 1)
e2πiQ˜/N . There are in particular the order parameters σQ(x) = ψQ0(x), the
disorder parameters µQ˜(x) = ψ0Q˜(x) and the para-fermi fields ψQ(x) = ψQQ(x)
(for Q = 1, . . . , N − 1). They satisfy the space like commutation rules:
σQ(x)σQ′ (y) = σQ′(y)σQ(x)
µQ˜(x)µQ˜′ (y) = µQ˜′(y)µQ˜(x)
σQ(x)µQ˜(y) = µQ˜(y)σQ(x)e
θ(x1−y1)2πiQQ˜/N (4)
ψQ(x)ψQ(y) = ψQ(y)ψQ(x)e
ǫ(x1−y1)2πiQ2/N .
For the AN−1-Toda models we present integral representations for all matrix
elements of normal ordered exponentials of the fields
: exp
(
γ1ϕ
1 + · · ·+ γN−1ϕN−1
)
:
where the ϕa are the fundamental Toda fields.
The generalized form factors On(θ1, . . . , θn) are defined by the vacuum -
n-particle matrix elements
〈 0 | O(x) | p1, . . . , pn 〉ina1...an = e−ix(p1+···+pn)Oa1...an(θ1, . . . , θn)
where the ai denote the type (charge) and the θi are the rapidities of the particles
(pi = m(cosh θi, sinh θi)). This definition is meant for θ1 > · · · > θn, in the other
sectors of the variables the functions Oa1...an(θ1, . . . , θn) are given by analytic
continuation with respect to the θi. General matrix elements are obtained from
Oa(θ) by crossing which means in particular the analytic continuation θi →
θi ± iπ. The form factor equations which have to be solved are3:
(o) The form factor function Oa(θ) is meromorphic with respect to all vari-
ables θ1, . . . , θn.
(i) It satisfies Watson’s equations
O...aiaj ...(. . . , θi, θj , . . . ) = O...ajai...(. . . , θj , θi, . . . )Saiaj (θij).
(ii) The crossing relation means for the connected part (see e.g. [19]) of the
matrix element
a¯1〈 p1 | O(0) | p2, . . . , pn 〉in,conn.a2...an = σO1Oa1a2...an(θ1 + iπ, θ2, . . . , θn)
= Oa2...ana1(θ2, . . . , θn, θ1 − iπ)
where σO1 is the statistics factor of the operator O with respect to the
particle 1.
2Another model with nontrivial statistics is the Federbusch model (see e.g. [15]).
3These formulae have been proposed in [17] as a generalization of formulae in [16] and they
has been proven in [18] using LSZ assumptions.
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(iii) The function On(θ) has poles determined by one-particle states in each
sub-channel. In particular, if 1 is the antiparticle of 2, it has the so-called
annihilation pole at θ12 = iπ which implies the recursion formula
Res
θ12=iπ
On(θ1, . . . , θn) = 2iOn−2(θ3, . . . , θn) (1− σO1S(θ2n) . . . S(θ23)) .
(iv) Bound state form factors yield another recursion formula
Res
θ12=iu
Oab...(θ) =
√
2Oc...(θc, θ′) Γcab
where Γcab is the bound state intertwiner (see e.g. [19]) defined by
i Res
θ12=iu
Sab(θ) = Γ
ba
c Γ
c
ab
if iu is the position of the bound state pole.
(v) Since we are dealing with relativistic quantum field theories Lorentz co-
variance in the form
On(θ1, . . . , θn) = esµOn(θ1 + µ, . . . , θn + µ)
holds if the local operator transforms as O → esµO where s is the “spin”
of O.
We investigate generalized form factors of an operator O(x) and n particles
of type 1 and for simplicity we write On(θ) = O1...1(θ). Note that all further
matrix elements with different particle states of the field operator O(x) are
obtained by the crossing formula (ii) and the bound state formula (iv). The
form factors On(θ) are of the form [16]
On(θ) = KOn (θ)
∏
1≤i<j≤n
F (θij) , (θij = θi − θj) (5)
where F (θ) is the ’minimal’ form factor function. It is the solution of Watsons
equation [20] and the crossing relation for n = 2
F (θ) = F (−θ)S(θ)
F (iπ − θ) = F (iπ + θ) (6)
with no poles and zeros in the physical strip 0 < Im θ ≤ π (and a simple zero
at θ = 0). We obtain the solutions (see [16] for the procedure to solve (6))
FZ(θ) = cZ exp
∫ ∞
0
dt
t
2 sinh tN−1N cosh t
1
N
sinh2 t
(
1− cosh t
(
1− θ
iπ
))
(7)
FT (θ) = exp
∫ ∞
0
dt
t
−4 sinh tN−1N sinh t B2N sinh t 2−B2N
sinh2 t
cosh t
(
1− θ
iπ
)
(8)
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for the ZN and AN−1 S-matrices given by (2) and (3), respectively. The nor-
malization constant cZ will be fixed below and F
T is normalized by FT (∞) = 1.
In eq. (5) KOn (θ) is a rational function of the e
θi and has the ’physical poles’4 in
0 < Im θij ≤ π corresponding to the form factor properties (iii) and (iv). The
form factor equations (i) and (ii) hold because of the equations (6). We propose
KOn (θ) as linear combinations of the integrals
Inm(θ, p
O
n ) =
1
m1! . . .mN−1!

N−1∏
k=1
mk∏
j=1
∫
Cθ
dzkj
R

 (9)
×
N−1∏
k=1

mk∏
j=1
n∏
i=1
φ(zkj − θi)
∏
1≤i<j≤mk
τ(zki − zkj)


×
∏
1≤k<l≤N−1
mk∏
i=1
ml∏
j=1
κ(zki − zlj)pOnm(θ, z)
with
κ(z) =
1
φ(−z) , τ(z) =
1
φ(z)φ(−z) , R = 2πiResz=0 φ(z) .
The integration contour Cθ encloses the points z = θi. The p-functions pOnm(θ, z)
are symmetric with respect to the θi and the zkj for fixed j. They depend on
the operator O(x) whereas the other functions are determined by the S-matrix
only. For both models the bound state of N − 1 particles of type 1 is the anti-
particle of 1. Together with the form factor recursion relations (iii) and (iv) this
property implies the following equation for the function φ(z)
N−1∏
k=1
φ (θ + 2πik/N)
N−1∏
k=0
F (θ + 2πik/N) = 1 (10)
where F (θ) is the ’minimal’ form factor function, here given by eqs. (7,8) for the
ZN - and the AN−1-model, respectively. One easily verifies that the functions
φZ(z) =
1
sinh 12z sinh
1
2 (z − 2πi/N)
φT (z) = φZ(z) sinh 12 (z − iπB/N) sinh 12 (z − iπ (2−B) /N)
solve the equation (10) for the ZN - and the AN−1-model, respectively, and
moreover they satisfy the ’Jost-function property’
φ(θ)
φ(−θ) = S(θ)
Equation (10) also determines the normalization constant cZ . The following
lemma will be used to construct solutions of the form factor equations (i) – (v).
4For bound state form factors there are also higher order ’physical poles’ (see e.g. [21, 8,
26, 27]).
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Lemma 1 The functions Inm(θ, p
O
nm) satisfy the recursion relation
Res
θN−1N=iu
· · · Res
θ12=iu
Inm(θ, p
O
nm) = c

 n∏
j=N+1
N∏
i=1
Fmin11 (θij)


−1
× In−Nm−1(θ′, pOn−Nm−1)
(
1− σO
n∏
i=N+1
S(θNi)
)
(11)
if eq. (10) holds, the p-functions are analytic and satisfy for θ12 = · · · =
θN−1N = iu = 2πi/N
pOnm(θ, z
′) = c′pOn−Nm−1(θ
′, z′′′) (12)
pOnm(θ, z
′′) = σO p
O
nm(θ, z
′) (13)
where c and c′ are a normalization constants, σO is the statistics factor of the
operator O with respect to the particle of type 1 and
z′ = z′′ = z ; except z′i1 = θi , z
′′
11 = θN , z
′′
i+11 = θi
z′′′ =
(
z12, . . . , z1m1 ; . . . ; zN−12, . . . , zN−1mN−1
)
θ′ = (θN+1, θN+2, . . . , θn) .
The proof of this lemma will be published elsewhere [22]. We propose the
following solutions of (i) – (v) and identify the operators by means of the quan-
tum numbers as charge, spin and statistics factor. For the Toda model we also
consider the asymptotic behavior and field equations.
The scaling ZN-Ising model: The scaling Z2-Ising model is well known
[5, 6], it is equivalent to a free fermi field theory. As a generalization we propose
for the general ZN -model the form factors for n particles of type 1 (up to
normalizations) as
On(θ) = IZnm(θ)
∏
1≤i<j≤n
FZ(θij)
where IZnm(θ) is defined by eq. (9) in terms of φ
Z . The p-functions and m are
given by the following correspondences to operators. For n = Nm+Q particles
of type 1 and Q, Q˜ = 0, . . . , N − 1 the p-functions
pQQ˜nm(θ, z) = exp

 Q˜
N
n∑
i=1
θi −
Q˜∑
k=1
mk∑
j=1
zkj

 (14)
(with mk = m+ 1 for 1 ≤ k < Q, mk = m for Q ≤ k) belong to operators
ψQ,Q˜(x) with


charge Q
spin mod 1 QQ˜/N
statistics factor e2πiQ˜/N
.
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This follows from (v) and (13). Also (12) holds which means that the form
factor equations (i) – (v) are satisfied. In particular we have for
Q˜ = 0 the order parameters σQ(x)
Q = 0 the disorder parameter µQ˜(x)
Q = Q˜ the para-fermi fields ψQ(x)
with the commutation rules (4). One can show [22] that for N = 2 the formulae
(9) and (14) reproduce the well known results for the scaling Ising model as
mentioned above. Note also that the properties of the fields for the ZN Ising
model are consistent with the results for the conformal ZN para-fermi field
theory [4]. For the higher conserved currents J±L (x) see equations (18) and (19)
below.
Examples: Up to normalization constants we calculate for general N for
the order parameters
〈 0 |σ1(0) | p〉 = 1
〈 0 |σ2(0) | p1, p2〉in = F
Z(θ12)
sinh 12 (θ12 − 2πi/N) sinh 12 (θ12 + 2πi/N)
and for N = 3
〈 0 |σ1(0) | p1, p2, p3, p4〉in =
(∑
eθi
∑
e−θi − 1
)
×
∏
1≤i<j≤4
FZ(θij)
sinh 12 (θij − 2πi/3) sinh 12 (θij + 2πi/3)
which agrees with the results of [9, 10]. For disorder parameters we have
〈 0 |µQ˜(0) | 0〉 = 1
and for N = 3 we obtain
〈 0 |µ1,2(0) | p1, p2, p3〉in =
(
e±θ1 + e±θ2 + e±θ3
)
e∓
1
3
∑
3
i=1
θi
×
∏
1≤i<j≤3
FZ(θij)
sinh 12 (θij − 2πi/3) sinh 12 (θij + 2πi/3)
.
For the para-fermi fields we have for example
〈 0 |ψ1(0) | p〉 = e 1N θ
〈 0 |ψ2(0) | p1, p2〉in =
(
e−θ1 + e−θ2
)
e
2
N
(θ1+θ2)FZ(θ12)
sinh 12 (θ12 − 2πi/N) sinh 12 (θ12 + 2πi/N)
and for N = 3
〈 0 |ψ1(0) | p1, p2, p3, p4〉in = e 23
∑
4
i=1
θi
∑
i<j
e−θi−θj
×
∏
1≤i<j≤4
FZ(θij)
sinh 12 (θij − 2πi/3) sinh 12 (θij + 2πi/3)
.
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The affine AN−1-Toda model: This model possesses only bosonic fields.
Therefore we consider constant p-functions and generalize results of our inves-
tigations [23] on the sinh-Gordon model which is the A1-Toda model. Again we
consider first form factors for n particles of type 1. We write the K-function in
(5) as a linear combination of the integrals ITnm(θ, 1) given by eq. (9) in terms
of φT
KOn (θ) = Nn
n∑
m1=0
· · ·
n∑
mN−1=0
N−1∏
k=1
qmkk I
T
nm(θ, 1) (15)
for N−1 parameters qk. In particular K1(θ) = N1
(
1 +
∑N−1
k=1 qk
)
. We propose
that this K-function yields the n-particle (charge 1) form factors of the general
exponential of the fields
O(x) = :exp~γ~ϕ : (x) .
This is motivated as follows: In [23] (see also [16]) we argued that the form
factors of exponentials of bose fields satisfy the momentum space ’clustering’
property for Re θ1 →∞
[eγϕ]n (θ1,θ2, . . . , θn) = [e
γϕ]1 (θ1) [e
γϕ]n−1 (θ2, . . . , θn) +O(e
−θ1) .
The form factors given by (5) and (15) show just this asymptotic behavior
because of
lim
θ→∞
FT (θ) = 1
lim
θ1→∞
ITnm(θ) = I
T
n−1m(θ
′) +
N−1∑
k=1
ITn−1m
k
(θ′)
where θ′ = (θ2, . . . , θn) andmk = m1, . . . ,mk−1, . . . ,mN−1. The normalization
constants are obtained from this equation and (11) as Nn = N
n
1 and
N1 =
(
2i
r
)1/2(
1
FT (iu)
N−1∏
k=2
(
φT (kiu)
)1/2
(φT (kiu)FT (kiu))
k
N−1∏
k=1
q−1k
)1/N
(16)
where u = 2πN , r = Resz=iu
φT (z) and the intertwiner Γk+1k1 = i
(
r
iφT (−kiu)
)1/2
have
been used.
The exponentials of the special linear combination of fields ~γ~ϕ(x) = γ~αj ~ϕ(x)
are obtained for the choice
qk = ω
−kωN−γˆ(δkj−δkj+1). (17)
(For j = 0 and N − 1 there are extra factors ω±γˆ). As in [24, 23] we obtain
the fields ~αj ~ϕ(x) by expansion in terms of γ. The quantum version of the field
equation (1) is satisfied for all matrix elements if we take γˆ = γ B2β and relate
the renormalized and the bare mass by
m2 = 4α sin2
π
N
2N sin π2NB sin
π
2N (2−B)
πB sin πN
8
which agrees with the results of [14, 25]. The proof is analog to the one in
[23]. The proposal (17) is in addition motivated by the fact that the vacuum
1-particle (of charge b) matrix element for the field with charge a turns out to
be proportional to δab
5
〈 0 |ϕa(0) | p 〉b = −1√
N2 sin aπN
N−1∑
j=0
ωja〈 0 | ~αj ~ϕ(0) | p 〉b = δab
√
Za .
The form factors of the bound states | p 〉b are obtained from (15) with (17) by
applying iteratively (iv) as
〈 0 | : exp γ~αj ~ϕ : (0) | p 〉b = β
πB
√
NZbχb(γ)
χb(γ~αj) =
N−1∏
k=1
q
−b/N
k
∑
0≤k1<···<kb<N
qk1 . . . qkb
= −4ω−bj sin
bπ
N
sin πN
sin
(
π
N
Bγ
2β
)
sin
π
N
(
1− Bγ
2β
)
.
The function χb may be written as a character χb(γ~αj) = trπb ω
(~ρ− B2β γ~αj) ~H [14].
By expansion with respect to γ we obtain
〈 0 |~αj ~ϕ(0) | p 〉b = −
√
Zb
N
ω−bj 2 sin
πb
N
.
The wave function renormalization constants Za are calculated from (vi) and
(16) as
Za =
πB(2 −B)
4 sin π2B
exp
∫ ∞
0
dt
t
2 sinh t2
B
N sinh
t
2
2−B
N
sinh2 t sinh t 1N
(
sinh2 t
a
N
+ sinh2 t
a¯
N
)
which satisfies the charge conjugation symmetry a↔ a¯ = N − a and agree with
the results of [12, 14].
The higher conserved currents J±L (x) which are characteristic for integrable
models are obtained by (5) and (9) and the K- and p-function
K
J±
L
n (θ) =
n∑
m1=0
· · ·
n∑
mN−1=0
N−1∏
k=1
ωkmkITnm(θ, p
J±
L
n ) (18)
p
J±
L
nm(θ, z) =
n∑
i=1
e±θi
N−1∑
k=1
mk∑
j=1
eLzkj . (19)
5This corresponds to the complex representation of the roots αaj =
−1√
N
2 sin api
N
ω
−ja and
fields with (ϕa)† = ϕN−a.
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The higher charges QL =
∫
dxJ0L(x) satisfy the eigenvalue equation(
QL −
n∑
i=1
eLθi
)
| p1, . . . , pn 〉in = 0 .
Since the currents are ZN -chargeless the number n of particles of charge 1 is
0modN . Obviously we get the energy momentum tensor from J±±1(x). The
higher conserved currents J±L (x) for the ZN -Ising model are obtained by same
p-function with the additional factor
∏N−1
k=1 δmkm for n = Nm. In a more
detailed version of this letter [22], we will present the proofs and further results.
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